Numerical Integratim

jsmxdx; j f (x)dx is not always calculated

by direct integration or f(x) Is given inthe
form of atable

(Xor Yo)r (X0 Y1)y (X35 ¥5), e, (Xns Yn)



b
jf(x) dx Is the area under the curve

from x=a to x=Db
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Methods of Calculatedthe area under the curve:

*Dividethe distance (b—a) into (n) steps,
the length of each step is (h);

_b-a

T on

*Draw coordinates (Y., Vs Yoseeeeeees y.)
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The methods are:

1- The method of rectan gulars:
b

I:jf(x) dx

=h[y, +V,+ VY, + e e, Y1l
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2—The method of trapizoids:

b
I:jf(x) dx
I=A+A +....
Yo T Vi it Y, Yt Y5
—h* =h* =h*
A ;P 7 2
y—1+yn
=h*2n
A 2
h
o za[yo +2Y, +2Y, + 2Y5 F e, Y. ]

h
:E[yo+2(y1+y2+y3+ ............. )+ VY. ]
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3— Simpson's Rule:
The quadraticequationis assumed to passthrough
the points. Thus the areainto even number points.

h
A = g[yo +4y, +Y,] Y

h
A =—ly, +4y;+vy,]

3 N

h A, | A,
A3=§[y4+4y5+y6] R I

. h|hh|h X
A=1=A+A +A +--

h
=0+ A0+ Yo+ Vs b ) 420y, +Ya + Yo+ )+ Y]



Assume a curve of degree (2), Quadratic equation
pass through three points:

[(=h, Y1), (0,,) & (h, yy)].
ty




y=a, +a,Xx+a,x

At x=0=y =a_ +a,(0)+a,(0)’

sa =Yy,

(-h,y,) = vy,=a +a,(-h)+a,(-h)’
(h,y,) =y, =a +a(h)+a,(h) ...
Y., =Y, —ha +h%a,

y, =Y, +ha, +h%a,



Solve the above equations getting:

al _ Y1_y—1 and az _ y—1_2y20 + Y,
2h 2h
— -2V, +
Y=y, - ylzhy_l A 2hy20 Vi 2
h
yl_y—l y _2y0+y1 2
| = | X A dx
[+ 3 2o

After integration and substituton get:

A=1= _[y—l +4yo T yl]



Example (1) : Evaluate j wdx use n =4 panels.

Solution: h= 1% - 0.25

Xx: 0 0.25 0.5 0.75 1.0
f(x):1 0.99 0.96 0.91 0.84




(1) By rectan gular method:

| =0.25[1+0.99+0.96+0.91] =0.965
OR:

| =0.290.99+0.96+0.91+0.84] =0.925
Avg.=0.945 (from center of points)

(2) By trapezoidd:

@[u 2(0.99+0.96+0.91) + 0.84] = 0.945



(4) By Simpson's rule:

_ %[u 4(0.99+0.91) + 2(0.96) + 0.84] = 0.9467

(2) By Taylor Series:

I_dex

SINX=X——+———+
3 5 79
1 3 5 7 9
X X X X
| =£[(x— oy g

1 8
) [, +);|)dx:0.946
AR N



Example (2) : Determine the relative

deflectionof point (A) with respect
to point (B).
P, =10kips, E =30*10°ksi,

1 1

A=(————Xx"+—x+1)in°
3600 30

e

7

-

-

B % A P
)

=

7

=

- L=120"

Z




Solution:

P dX
do =
A,
12 P, dx
5:j W n=6panels
0 E A
_120-0
6
| _5_1j-° 10 dx
N N * 3 1 2 1
0 30*10 [—%x +%x+1]

| =jf(x)dx



10
f@)= —

30*10° (— X’ +—x+1)
3600 30

10*10~°
]

| x'+—x+1)
3600 30

F(x)=10"** 10

f(x)=

30(

3(— : x‘?+ix+1)
3600 30

X! 0 20 40 60 80 100 120
f(x)=y*107* :3.33 2.143 1.765 1.667 1.765 2.143 3.33
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Simpson's Rule:

- 107*20
3

S =| [3.33+4(2.143+1.667+2.147) +

2(1.765+1.765) + 3.33]
-~ 1=0.02502in



Gauss— Quadrature formulas:
This formulais determined without specified
pivot points that Is given:

I:Tf(x)dx

The integral Is approximatd by a functionof
the form:
| =H, f(x)+H,f(X,)+H,f(X)+.......... 4+ H_f(x)



If thereis one (s gle) term |1 =H, f(x,)]:
B
If('{) dx = H, f(x,); two unknowns(H, &x,)
A

So that the mt egration must hold for:

f(x)=1&x,; Ildr:HI(l)

B=A=H, oo, 1)
- I
|xdx=H, x,= E(BE — A =H,x,....Q2)
A

B+A4

Solve Egs. (1) &(2), getting: x, =

2

B+ A4
x I - Hl‘f(xl) = (B N A)_‘{(Jlegi -;i)EﬂE'ﬂEa'i'*-:
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Gauss— Quadrature formulas:

Involving two and higher term result in sets of
nonlinearalgebraicequations It's for this reason
that the limit of Integrationis normalizedas follows:

B
f (X)dx, Put x=c, +c,r
A

=A;r=-1=..A=c,+c, (-1 ....... (1)
B;r=+1=..B=c,+C/(+1) ....... (2)



C, :%(A+ B) and clzé(B—A)

1 1
. X=—(B+A)+—(B-A)r
2( ) 2( )

dx:%(B—A) dr

B

_jf(x)dx

>

_Tf[;(B+A)+ (B— A) r][ (B— A)dr]

%(B A)jf[ (B+A)+= (B A) r]dr



Two terms:
| =H,f(r,)+H,f(r,)
f(r)=%r;r’

Tldr: HO+H,D=2 ...
Tr dr=H;,(-a)+ H,(@)=0 ........

+1
jrz dr = H,(-a)? + H, (@)’ == ...
Solvethe above Egs., getting

H1:H =1 and a=+

f

1

(1
jf(r)dr (1)f(\/_jl(l)f 2

AL



Example (1) :

sz dx two terms

Solution:

1 1
f(—)=(—=)*=
(\/—) (\/—)
(\/—) (\/—) — A
|:1*l+1*1:§

3 33

1
3



Three terms:

5 3
H, = — & a=—, =
9 \'5
H2:§ < a=0

9

5 3
H. == & a= =
0 \'5




Example (2):

4

jex dx threeterms
0

Solution:
__[3/__ _
a=-/3% =-0.774 H,=0555
H, =0.888

a=0
_[3/_ _
a=/3{ =0.774 H, = 0.555

x:%(B+A)+%(B—A) (r) or(a)




X, (r =—0.774) = %(4 +0) +%(4— 0)(~0.774) = 0.452
X, (r =0) =%(4+0)+%(4—0)(0) — 2

X, (r =0.774) = 1(4+ 0) +1(4—0) (0.774) =3.548
° 2 2



f(x,)=e"*"=157145
f(x,)=e* =7.38906
f(x,) =6 =34.7438

| :%(4—0)[0.555*1.57145+ 0.888*7.38906

+0.555*%34.7438]
-1 =53.4463



1 .
Example:Evaluatq I(S'n%)dx] use:
0

Gauss—Quadrature formula (n=3)
Solution:

a=0.774 H, = 0.555
a=0 H, = 0.888
a=—0.774 H, =0.555

x:%(B+A)+%(B—A) (a) or(r)




X, (r=0.774) = %(1+ 0) +%(1— 0)(0.774) =0.8873
X, (r=0)= %(1+ 0) +%(1—O) (0)=0.5

X, (r =—-0.774) = %(1+ 0) +%(1—0) (-0.774) =0.1127



f(x,) = sin(0.8873 AR 0 87385

f (x,)=SINO9)/_—0.95885

in(0.1127
f () = SN0 1 —0.99788

| :%(1—0)[0.555*0.87385+ 0.888*0.95885

+0.555*0.99788]
. 1=0.9451



3
Example: jex dx (use n=4)
1

Solution:
a= =+0.861136 - +0.339981
H= 0.347854 | 0.652145

x:%(B+A)+%(B—A) (a) or (r)




X = (3+1)+ = (3-1)(0.861136) = 2.861136

2 2

X, = %(3+1) +%(3—1) (~0.861136) =1.138864

X, = %(3+1) +%(3—1) (0.339987 = 2.339981

X, = %(3+1) +%(3—1) (~0.339987 =1.660019



1
I :E(B_ A)[Hlf (X1)+ Hz f (Xz)"' Hgf(X3)+ H4f(X4)]
f(x,)=e?®1% ~17.4813745
f(x,) =% =3123218373
f(x,) =623 =10.38103932

f(x,)=e"%% = 5259410772

| = %(3 —1)[0.347854*17.4813745+0.347854*3.123218373

+0.652145%10.38103932+ 0.652145*5.259410777
-1 =17.36673



